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QUADRUPOLE ANALOG OF THE ISING MODEL 

SPIN-S : BRAGG-WI LLIAMS APPROXIMATION 

V. H. F. SANTOS and  L. LAUCK 
Departamento de F i s i c a ,  Campus U n i v e r s i t i i r i o ,  
UFSC, T r i n d a d e ,  F l o r i a n o p o l i s ,  SC ,Braz i l  - 
CEP 88000. 

(Submited f o r  p u b l i c a t i o n  March 2 5 ,  1980) 

ABSTRACT: An ana log  o f  t h e  sp in-S  I s i n g  Model 
w i t h  q u a d r u p o l a r  i n t e r a c t i o n  has  been s o l v e d  
i n  t h e  Bragg-Williams Approximation. We got  a 
first o r d e r  phase  t r a n s i t i o n  f o r  s p e c i a l  v a l u e s  
o f  t h e  p a r a m e t e r s .  We compare w i t h  r e s u l t s  
o b t a i n e d  by o t h e r  a u t h o r s  and we r ecove r  t h e  
same r e s u l t s  g iven  by Maier-Saupe Theory f o r  
Nematic L iqu id  C r y s t a l s  when t h e  sp in-S  be- 
comes i n f i n i t e .  

I n  t r oduc t i on 
Recen t ly  Tareeva'  p roposed  an ana log  of t h e  

I s i n g  Model w i t h  s p i n - 1  and quadrupo la r  i n t e r -  
a c t i o n  which i s  supposed t o  be  u s e f u l  f o r  Liquid  
C r y s t a l s  and Molecular  C r y s t a l s  s o l u t i o n s .  H i s  
Hami l ton ian  is r e p r e s e n t e d  by 

(1) v -  = - ai.1.3s;  - 2 ) ( 3 S j  2 - 2)1 
Ci 

where s = 1 , 0 , - 1 .  He found a f i r s t  o r d e r  phase  
t r a n s i t i o n  u s i n g  t h e  Bragg-Williams Approximation. 2 
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44 V. H. F. SANTOS and L. LAUCK 

On t h e  o t h e r  s i d e  t h e  Hami l ton ian  p roposed  f o r  
L i q u i d  C r y s t a l s  t o  d e s c r i b e  t h e  Nematic Phase i s  
r e p r e s e n t  e d by 3 

where O i  is t h e  a n g l e  t h e  molecule  h a s  w i t h  a p r e -  
f e r e d  d i r e c t i o n .  

I n  t h i s  p a p e r  w e  d i s c u s s  t h e  s o l u t i o n , i n  t h e  
Bragg-Wil l iams Approximat ion ,  f o r  a s p i n - S  I s i n g  
Model I w i t h  q u a d r u p o l a r  i n t e r a c t i o n ,  r e p r e s e n t e d  

by 

v i j  = - a 13[Si/SS - A s )  ( 3 ( S . / S 3  - A s }  ( 3 )  J J 
2 where A s  =s [S+1) /s 

When S = l  and  X = 2  w e  r e c o v e r  T a r e e v a ' s  Model and 
S=w w i t h  X , = l  g i v e s  Maier-Saupe Theory Model 

f o r  Nematic L iqu id  C r y s t a l s .  

S 

THEORETICAL CONS I DERATI ONS 

Le t ' s  c o n s i d e r  a r e c t a n g u l a r  p e r i o d i c  l a t t i c e  
t o  e a c h  of  whose s i t e s  a s p i n  v a r i a b l e  i s  a s s i g n e d  
which can  t a k e  one o f  t h e  2S+1 n u m e r i c a l  v a l u e s  
6 , S - 1 , .  . .- (S-1) , -S .  We c o n s i d e r  t h a t  t h e  i n t e r -  

a c t i o n  i s  n o t  ze ro  only  f o r  n e a r e s t  n e i g h b o u r s  and 
i s  of t h e  quadrupo le  type  

The sys t em c o n f i g u r a t i o n  i s  d e t e r m i n e d  by t h e  
s e t  o f  numbers {s i l  and t h e  s y s t e m  ene rgy  i n  t h e  
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ANALOG OF THE ISlNG MODEL 

c o n f i g u r a t i o n  i s  

4s 

( 5 )  

where t h e  symbol < i , j >  d e n o t e s  t h e  p a i r  o f  n e a r e s t  
ne ighbours  and t h e  sum i n  (5)  c o n t a i n s  Y N / 2  t e rms  
where Y i s  t h e  number o f  n e a r e s t  ne ighbours  o f  each  
s i t e .  

The s t a t i s t i c a l  sum i s  

q = c  c C e  -B{si} ; B = l / k g T  N s1 s 2  ... sN 

Here t h e  v a r i a b l e  s t a k e s  v a l u e s  -S , .  . . S ,  indepen-  
den t  l y  o f  t h e  o t h e r s .  The thermodynamic f u n c t i o n s  
a r e  o b t a i n e d  as u s u a l  f rom t h e  f r e e  ene rgy  

A = -kBT In  QN N 

Let t h e  numbers Ns denote  t h e  t o t a l  number o f  
s i t e s  w i t h  a v a l u e  s f o r  t h e  s p i n  and Nss, t h e  num- 
b e r  o f  p a i r s  o f  n e a r e s t  ne ighbours  w i t h  s p i n  s and 
s' . Using e q u a t i o n  ( 5 )  t h e  ene rgy  f o r  a c e r t a i n  
c o n f i g u r a t i o n  o f  p a i r s  w i l l  be  

( 7 )  
I n  t h e  Bragg-Wil l iams Approximation w e  suppose  

t h a t  t h e  p r o b a b i l i t y  of  f i n d i n g  a pa i r ,Nss ,  /(YN/2) 
i s  e q u a l  t o  t h e  p r o d u c t  of t h e  p r o b a b i l i t i e s  of  
f i n d i n g  a l a t t i c e  s i t e  w i t h  s p i n  s and a n e a r e s t  
ne ighbour  w i t h  s p i n  s '  p l u s  t h e  p r o b a b i l i t y  of  
f i n d i n g  a l a t t i c e  s i t e  w i t h  s p i n  s '  and a n e a r e s t  
ne ighbour  w i t h  s p i n  s ,  o r  
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I f  s = s '  t h e  f a c t o r  2 i s  n o t  n e c e s s a r y  and 

I n  t h i s  approx ima t ion  t h e  ene rgy  becomes a 

f u n c t i o n  of t h e  long  r ange  o r d e r  p a r a m e t e r  and 
w e  can  w r i t e  e q s .  ( 6 )  and ( 7 )  a s  

QN = C C g(Ns) exp{-L3 E(N,) 1 
Ns N s '  

where g(Ns) i s  t h e  number o f  d i f f e r e n t  c o n f i g u r a -  

, N  t h a t  we t i o n  w i t h  t h e  same NS,NSml, ... N 
can  g e t  when t h e  l a t t i c e  h a s  N s i t e s .  Equa t ion  
( 9 )  w i l l  s t a y  

-(s-1) - s  

exp (-8 E (Ns) 1 N! 
QN=+ +S 

- E N s  ! 

A s  N-)-m t h e  l o g a r i t h m  o f  QN e q u a l s  t h e  l o -  
g a r i t h m  o f  t h e  g r e a t e s t  member i n  t h e  sum. Using 
S t i r l i n g ' s  approx ima t ion  f o r  N!  we f i n d  
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ANALOG OF THE ISING MODEL 47 

C o n s i d e r i n g  t h e  c o n s t r a i n t  ove r  t h e  N which i s  
C N S = N  w e  can u s e  t h e  Lagrange m u l t i p l i e r s  and 

minimize e q . ( l l )  t o  g e t  a s e l f  c o n s i s t e n t  equa-  
t i o n  f o r  t h e  o r d e r  p a r a m e t e r  

S 

k , - s ( 1 / 2 )  f S  { 3 ( k / S )  2 -As}exp{(aByrl /2) i3(k/S)’-~ s l  
2 +S n =  

k = - S  1 exp{(aBw/2)1  3 ( k / S )  - A s l  

( 1 2 )  
where t h e  o r d e r  p a r a m e t e r  i s  d e f i n e d  by 

1 !Yhen S=l e q .  ( 3 )  givesA1=2 and we g e t  T a r e e v a ’ s  
r e s u l t s .  I f  S goes t o  i n f i n i t y  eq .  (3)  g i v e s k  =1 

and w e  r e c o v e r  Maier  Saupe3 s o l u t i o n  f o r  Nematic 
L i q u i d  C r y s t a l s  wich i s  

+1 
I P ( c o s 0  )exp{aByrlPZ(cosO) l s i n 0 d 8  -1 2 - (1 3) rl = +I 

exp { a 6  ynP2 ( cos  8 )  1s i n 8  d0 

2 where P 2 ( c o s 8 ) =  ( 3 c o s  8 - 1) / 2 .  

Next we show some numer i ca l  c a l c u l a -  

t i o n s  f o r  t h e  o r d e r  pa rame te r  a s  a f u n c t i o n  o f  
t e m p e r a t u r e  f o r  v a l u e s  o f  t h e  s p i n  S = 1 , 2 , 5  and m. 

where we can see t h e  f i r s t  o r d e r  p h a s e  t a n s i t i o n  

Conclus ions  : 

We have shown t h a t  an I s i n g  Spin  Model w i t h  
quadrupo le  i n t e r a c t i o n  s i m i l a r  t o  t h e  one propo-  
s e d  f o r N e m a t i c  L iqu id  C r y s t a l s  can  be  s o l v e d  f o r  
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48 V. H. F. SANTOS and L. LAUCK 

any v a l u e  o f  t h e  s p i n  S i n  t h e  Bragg-Wil l iams 
a p p r o x i m a t i o n .  We f i n d  a f i r s t  o r d e r  p h a s e  t r a n s i -  
t i o n  f o r  s p e c i a l  v a l u e s  o f  t h e  s p i n  dependent  p a r a -  
meter A s .  When t h e  s p i n  v a l u e  goes  t o  i n f i n i t y  t h e  
Bragg-Wil l iams  Approximat ion  g i v e s  f o r  o u r  model a 

s o l u t i o n  e q u i v a l e n t  t o  t h e  Maier-Saupe m o l e c u l a r  
f i e l d  approx ima t ion  f o r  nemat i c  l i q u i d  c r y s t a l s .  
These r e s u l t s  a r e  a l s o  i n  agreement  w i t h  t h o s e  w e  
o b t a i n  from L a j z c r o w i c z 4  t h e o r y  f o r  s p i n  S = l .  

'd 
w 
Q 
d 
0 

-1.9 

FIGURE 1 C a l c u l a t e d  v a l u e s  of  t h e  o r d e r  pa rame te r  

as a f u n c t i o n  of  t h e  reduced  temDera ture  ( J=ay /kB)  
Lower f i ne  f o r  S = l , u p p e r  s o l i d  l i n e  f o r  S=Z,dashed  
l i n e  f o r  S=5 and d a s h e d - d o t t e d  l i n e  f o r  S=m. 
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